CHAPTER 10

10.1.

10.2.

10.3.

InFig. 10.4,let B = 0.2co0s120x¢ T, and assume that the conductor joining the two ends of the resistor
is perfect. It may be assumed that the magnetic field produced by 1 (r) isnegligible. Find:
a) Vuu(1): Since B isconstant over theloop area, thefluxis® = 7(0.15)%B = 1.41x 10~2 cos1205¢
Wh. Now, emf = Vpa(t) = —d®/dt = (1207)(1.41 x 1072)sin120xs. Then Vo (t) =
—Vpa(t) = —5.33s5n 1207t V.

b) 1(¢t) = Vp,(t)/R =5.33sin(1207¢)/250 = 21.3sin(1207¢1) mA

Given the time-varying magnetic field, B = (0.5a, + 0.6a, — 0.3a;) cos5000¢ T, and a square fila-
mentary loop with its corners at (2,3,0), (2,-3,0), (-2,3,0), and (-2,-3,0), find the time-varying current
flowing in the general a4 direction if the total loop resistance is 400 k2: We write

d d
emf = ?gE dl = —— = —— // B-a;,da = —(0.3)(4)(6) cos5000¢
dt loop area dt

wheretheloop normal ischosen as positive a,, so that the path integral for E istaken around the positive
ay direction. Taking the derivative, we find

emf  —36000sin5000¢

= = —90sin 5000 mA
R 400 x 103

emf = —7.2(5000) sin5000¢ sothat I =

Given H = 300a, cos(3 x 108 — y) A/m in free space, find the emf developed in the general ay
direction about the closed path having corners at
a (0,0,0), (1,0,0), (1,1,0), and (0,1,0): The magnetic flux will be:

= /0 ’ /O 1300M0 cos(3 x 108 — y) dx dy = 30010 Sin(3 x 10%r — y)[3
— 30010 [si n(3 x 10% — 1) — sin(3 x 108r)] Wb
Then
emf = — 9% — 30003 x 1084 x 10°7) [cos(3 x 108 — 1) — cos(3 x 1081‘)]

dt
— 113 x 10° [cos(s x 108 — 1) — cos(3 x 1081‘)] Vv

b) cornersat (0,0,0), (27,0,0), (27,27,0), (0,27,0): Inthiscase, theflux is
® = 27 x 300uosin(3 x 108 — y)|2" =0

The emf istherefore 0.
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10.4. Conductor surfaces are located at p = 1cmand p = 2cmin free space. Thevolumelcm < p < 2cm
containsthefields Hy = (2/p) cos(6 x 108t —2mz) Almand E,, = (2407 /p) cos(6 x 1087t — 27 7)
V/im.
a) Show that these two fields satisfy Eq. (6), Sec. 10.1: Have

OF 27 (240 48072
VxE= 8”a¢ 7 CA07) in(6 x 1081 — 2mz)ay = ——— sin(6 x 10°%71 — 27z2)a,
Z
Then
0B 2up(6 x 1087 .
_Ezusn(leosm—an)a(p
p

87 x 107 7)(6 x 108 48072
_ B x10DC X007 46 x 10871 — 272) = 20OF
p

sin(6 x 10871 — 27z) ay

b) Evaluate both integrals in Eq. (4) for the planar surface defined by ¢ = 0, 1cm < p < 2cm,
0 < z < 0.1m (note misprint in problem statement), and its perimeter, and show that the same
results are obtained: we take the normal to the surface as positive a4, so the the loop surrounding
the surface (by the right hand rule) isin the negative a,, direction at z = 0, and is in the positive
a, direction at z = 0.1. Taking the left hand side first, we find

01 240
fE-dL:/ T cos(6 x 10871) a, - &, dp
.02 P

.02 240
+ / T cos(6 x 10871 — 27(0.1)) a, -a,dp
.01 1%

1 2
= 2407 cos(6 x 1087¢t) In (E) + 2407 cos(6 x 1087t — 0.27) In (1)
— 240(In2) [cos(e % 10871 — 0.27) — cos(6 x 108m)]

Now for the right hand side. First,

0.1 p.02 —
8r x 10~/
/B dS= f / T — —c0s(6 x 10871 — 2wz) 8y - ag dp dz
01

= / (87 x 1077) In2 cos(6 x 1087t — 2n7) dz
0
= —4x107 In2 [sin(6 x 10871 — 0.27) — sin(6 x 108m)]
Then
d
- / B.dS = 2407(In2) [cos(s « 10871 — 0.277) — cos(6 x 108m)] (check)
10.5. Thelocation of the sliding bar in Fig. 10.5isgiven by x = 5¢ + 22, and the separation of the two rails

is20 cm. Let B = 0.8x2a, T. Find the voltmeter reading at:
a) t = 0.4 s: Theflux through the loop will be

02 0.16 0.16
/ /08(x) dx dy_—x3_—(5t—|—2t3)3Wb
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Then

do

emf = - = 0‘—;6(3)(5t+213)2(5+ 6:%) = —(0.16)[5(.4) + 2(.4)%]°[5+6(.4)%] = —4.32V

b) x = 0.6 m: Have 0.6 = 5¢ + 2¢3, from which wefind r = 0.1193. Thus

emf = —(0.16)[5(.1193) + 2(.1193)%?[5 + 6(.1193)?] = —.293 V

10.6. A perfectly conducting filament containing asmall 500-<2 resistor isformed into asquare, asillustrated
inFig. 10.6. Find I (¢) if
a) B = 0.3co0s(1207r+ — 30°) a, T: First the flux through theloop is evaluated, where the unit normal
totheloopisa,. Wefind

d = / B - dS = (0.3)(0.5)? cos(120x¢ — 30°) Wb
loop

Then the current will be

emf 1do 1207)(0.3)(0.25
IH=—=———= (1207)(0-3)(0.25) sin(120xrt — 30°) = 57sin(1207¢t — 30°) mA
R R dt 500

b) B = 0.4cosn(ct — y)]a. uT wherec = 3 x 108 m/s: Since the field varies with y, the flux is
now

5
d = / B.-dS= (0.5)(0.4)/ cos(ry — met)dy = 0?2 [sin(zct — /2) — sin(zrct)] uWb
loop 0

The current isthen

1) = emf  1d® —02c
R Rdr 500
_ —0.2(3x 10°)

500

[cos(mct — w/2) — cos(mwet)] A

[sin(zrct) — cos(ret)] A = 120[cos(rct) — sin(rwct)] MA

10.7. TherailsinFig. 10.7 each have aresistance of 2.2 2/m. The bar movesto theright at a constant speed
of 9 m/sin auniform magnetic field of 0.8 T. Find 7 (),0 < r < 1, if thebarisatx =2matr =0
and

a) a0.3 Q resistor is present across the left end with the right end open-circuited: The flux in the
left-hand closed loop is
®; = B x area= (0.8)(0.2)(2+ 9r)

Then,emf; = —d®;/dt = —(0.16)(9) = —1.44 V. With the bar in motion, the loop resistanceis
increasing with time, and isgiven by R;(¢) = 0.3+ 2[2.2(2 + 9¢)]. The current is now

emf —-1.44
L) = —- = A
Ri(t) 9.1+ 39.6¢

Note that the sign of the current indicates that it is flowing in the direction opposite that shown in
the figure.
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b) Repeat part a, but with aresistor of 0.3 2 across each end: Inthiscase, therewill be acontribution
to the current from the right loop, which is now closed. The flux in the right loop, whose area
decreases with time, is

®, = (0.8)(0.2)[(16 — 2) — 9]

and emf, = —d®,/dr = (0.16)(9) = 1.44 V. The resistance of the right loop is R, () =
0.3+ 2[2.2(14 — 9r)], and so the contribution to the current from the right loop will be

—-1.44

L) = ————
=519 308

The minus sign has been inserted because again the current must flow in the opposite direction
as that indicated in the figure, with the flux decreasing with time. The total current is found by
adding the part « result, or

1 1
Ir(t) = —1.44 A
r®) [61.9 “ 396 T 91+ 39.6:]

10.8. Fig. 10.1 is modified to show that the rail separation is larger when y is larger. Specifically, let the
separationd = 0.2+ 0.02y. Given auniform velocity v, = 8 m/sand auniform magnetic flux density
B, = 11T, find V15 asafunction of timeif the bar islocated at y = O at # = 0: The flux through the
loop as afunction of y can be written as

y p.2+.02y y
P = f B -dS:/ f 1.1dxdy’ :/ 1.1(.2+.02y")dy’ = 0.22y(1 + .05y)
o Jo 0
Now, with y = vt = 8¢, the above becomes ® = 1.76¢(1 + .40¢). Finaly,

dd

10.9. A squarefilamentary loop of wireis 25 cm on aside and hasaresistance of 125 2 per meter length. The
loop liesin the z = 0 plane with its cornersat (0, 0, 0), (0.25, 0, 0), (0.25, 0.25, 0), and (0, 0.25, 0) at
t = 0. Theloop is moving with velocity v, = 50 m/sinthefield B, = 8cos(1.5 x 108 — 0.5x) uT.
Develop afunction of time which expresses the ohmic power being delivered to the loop: First, since
the field does not vary with y, the loop motion in the y direction does not produce any time-varying
flux, and so this motion isimmaterial. We can evaluate the flux at the original loop position to obtain:

.25 .25
D) = / / 8 x 107 cos(1.5 x 10% — 0.5x) dx dy
0 0
— _(4x 1079 [s (L5 x 108 — 0.13x) — SN(L5 x 108z)] Wb

Now, emf = V(1) = —d®/dt = 6.0 x 10?[cos(1.5 x 108t — 0.13x) — cos(1.5 x 10%)], The total
loop resistanceis R = 125(0.25 + 0.25 + 0.25 + 0.25) = 125 2. Then the ohmic power is

2
P(t) = Ve

— 29 x 10° [005(1.5 « 108 — 0.13x) — cos(L.5 x 108z)] Watts
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10.10a. Show that the ratio of the amplitudes of the conduction current density and the displacement current
density iso/we for the applied field E = E,,, coswt. Assume u = uo. First, D = ¢E = €¢E,, COSwt.
Then the displacement current density isaD /9t = —we E,, Sinwt. Second, J. = 0 E = o E,;, COSwt.
Using theseresultswefind |J,.|/|J4| = o/we.

b. What is the amplitude ratio if the applied field is E = E,,e”"/", where t isrea? As before, find
D = €E = €En e /", and 0 J; = 9D/3t = —(€/T)Epne /", Also, J. = o E,,e /7. Findly,
|Jel/|Jal = ot/e.

10.11. Let the internal dimension of a coaxial capacitor bea = 1.2 cm, b = 4cm, and! = 40 cm. The
homogeneous material inside the capacitor has the parameters e = 10~ F/m, 1 = 10~° H/m, and
o = 107° S/m. If the electric field intensity is E = (10%/p) cos(10°¢)a, V/m (note missing ¢ in the
argument of the cosine in the book), find:
a) J: Use

10
J=0E = (—) cos(10°1)a, A/m?
0

b) thetotal conduction current, 1., through the capacitor: Have

I, = / / J-dS = 27plJ = 2071 cos(10%) = 87 cos(10°7) A

¢) thetotal displacement current, 1, through the capacitor: First find

5 —11 6

Now
1y = 2nplJ; = —271sin(10°t) = —0.87 sin(10°1) A

d) theratio of the amplitude of 1, to that of 1., the quality factor of the capacitor: Thiswill be

|14] 0.8
=—=01
el 8

10.12. Given a coaxia transmission line with b/a = e%5 ur = eg = 1, and an electric field intensity
E = (200/p) cos(10% — 3.3367) a, V/m, find:
a) V,», the voltage between the conductors, if it is known that electrostatic relationship E = —VV
isvalid; We use

a

4 200 9 b 9
Vap = — — ¢0s(10%r — 3.336z) dp = 2001In cos(10°r — 3.336z)
b P

= 500 cos(10°% — 3.3367) V

b) the displacement current density;

oD  —200 x 10° 1.77
Jo="= T X 70 §n(10% — 3.3362)a, = — —- sin(10°% — 3.336z)a, A/m?
P P
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10.13. Consider the region defined by |x|, |y|, and |z] < 1. Leteg = 5 ug =4, ando = 0. If J; =
20cos(1.5 x 1087 — bx)a, uA/m?;

a) find D and E: SinceJ; = aD/dr, we write
20 x 10~°

1.5 x 108
= 1.33 x 107 sin(1.5 x 10% — bx)a, C/m?

D= /Jddt +C= sin(1.5 x 10® — bx)a,

where the integration constant is set to zero (assuming no dc fields are present). Then

D 133x10°8
€ (5x885x10°1)
= 3.0 x 1073sin(1.5 x 10% — bx)a, V/m

sin(L.5 x 10% — bx)a,

b) use the point form of Faraday’s law and an integration with respect to time to find B and H: In
this case,

IE B
VxE= 8—yaz = —b(3.0 x 1073) cos(L.5 x 108 — bx)a, = —
X

Solve for B by integrating over time:

_ b(3.0x1073)

15 x 108 sin(1.5 x 10% — bx)a, = (2.0)b x 107 1sin(1.5 x 108 — bx)a, T

Now
(2.0)b x 10711

" 4x 47 x 107
= (4.0 x 107%)p sin(1.5 x 10% — bx)a, A/m

B .
H=— sin(L.5 x 10% — bx)a,
"

¢c) useV x H=1J;+JtofindJ;: Sinceo = 0, thereis no conduction current, so in this case

dH.
VxH=— : ‘a, = 4.0 x 107%? cos(1.5 x 10% — bx)a, A/m* = J,
X

d) What isthe numerical value of b? We set the given expression for J; equal to the result of part ¢
to obtain:

20x105=40x10%? = p=+650m1?

10.14. A voltage source, Vp sinwt, isconnected between two concentric conducting spheres, r = a andr = b,
b > a, where the region between them isamaterial for which ¢ = egeg, © = o, and o = 0. Find the
total displacement current through the dielectric and compare it with the source current as determined
from the capacitance (Sec. 5.10) and circuit analysis methods. First, solving Laplace's equation, we
find the voltage between spheres (see Eq. 20, Chapter 7):

Q-

V) = 1/a) — (1/b) Vosinowt
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10.14 (continued) Then

VosSinwt ereoVo Shwt
E=-— — zo—ar = — ZRO#
r“(1/a — 1/b) r“(1/a — 1/b)
Now
Iy — aD _ €r€owVp COSwi
4T % T 2(La — 1/b)
The displacement current is then
4 Vo coswt dv
I = 4xr?J; = TEREOOVOBI™OT _ c4r
(1/a —1/b) dt
where, from Eq. 47, Chapter 5,
_ 4mepeg
"~ (1/a —1/b)

The results are consistent.

10.15. Let © = 3 x 10°° H/m, ¢ = 1.2 x 10°1° F/m, and ¢ = 0 everywhere. If H = 2cos(101% —
Bx)a, Alm, use Maxwell’s equations to obtain expressions for B, D, E, and 8: First, B = uH =
6 x 107° cos(10'°% — Bx)a, T. Next we use

oH oD
V xH=——a, =28sin(10'% — x)a, = —
% gx & = 2P SnC pogy =5,
from which
2
D= / 2Bsin(10%r — Bx)dt + C = _F/io cos(10'% — Bx)a, C/m?

where the integration constant is set to zero, since no dc fields are presumed to exist. Next,

D 28

E=—=— cos(10'% — Bx)a, = —1.678 cos(10'%r — Bx)a, V/m
e = (12 x 10-10)(10m0) X px)ay b o pray V/
Now oE B
VxE=—2a =16782sin(10% — Bx)a, = ——
0x ot
So

B=— / 1.6782sin(10%°r — Bx)a,dt = (1.67 x 10719)82 cos(10%°r — Bx)a,
We require this result to be consistent with the expression for B originaly found. So

(167x 1071982 =6x 10> = B = +600rad/m
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10.16a. A certain materiad haso = Oand g = 1. If H = 4sin(10%: — 0.01z)a, A/m, make use of Maxwell’s
equationsto find wg: First find

OH oE
VxH= _8_an = 0.04cos(10%7 — 0.017)a, = €0
z

in(10%: — 0.01z)a,
1060 2

.04
E= / = cos(10% — 0.017)a, dt =
€0

where the integration constant is zero, since we assume no dc fields present. Next

OE, 04(.01) 3 oH
VxE= a, = — cos(10°r — 0.01x)a, = — —
x 9z ¥ 106, oo 28y = —URIOT,
=0 04(.01) 04(.01)
H= / " c0s(10% — 0.01z)a, df = —o— sin(10°% — 0.01z)a,
108¢o/i0m & Y 10%2€qp0/t R y

= 4sin(10°% — 0.017)a,
where the last equality is required for consistency. Therefore

.04(.01) (.01)2(9 x 10%6)
102equom p = KR 1012 -

b) Find E(z, t): Thiswe already found during the development in part a: We have

E(z,t) = 10%¢

sin(10% — 0.01z)a, V/m = 4.5sin(10% — 0.01z)a, kV/m

10.17. The electric field intensity intheregion0 < x < 5,0 <y < /12,0 < z < 0.06 min free spaceis
given by E = C sin(12y) sin(az) cos(2 x 101%) a, V/m. Beginning with the V x E relationship, use
Maxwell’s equations to find a numerical value for «, if it is known that « is greater than zero: In this

case wefind
JE oFE
VxE=—"a,——a
0z ay
: : 10 9B
= C [a sin(12y) cos(az)ay — 12cos(12y) sin(az)a; | cos(2 x 10™%) = —a
Then
1
H=—-—— | VxEdt+(C1
1o
C . . ; 10
= G 100 [a sin(12y) cos(az)a, — 12cos(12y) sin(az)a, | sin(2 x 10-°r) A/m
where the integration constant, C1 = 0, since there are no initial conditions. Using this result, we now
find
dH, H, C(144+a®) _ : . 10 D
VxH=|——-— = ——————3in(12y) sin SN2 x 10~t) a, = —
X [ 3y Py ] 110(2 % 1010 (12y) sin(az) SiN(2 x ) & a7
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10.17. (continued) Now

D 1 C (144 + a?
-2 _ [YvsHaric,= C1HATa
€0 €0 mo€o(2 x 1010)2

sin(12y) sin(az) cos(2 x 10'%) a,

where C2 = 0. Thisfield must be the same as the original field as stated, and so we require that

C(144+a?)
poeo(2 x 1010)2

Using roeo = (3 x 10%)~2, wefind

=66m~t

1042 1/2
y (2 x 10™) 1
(3 x 108)2

10.18. Theparallel platetransmission line shownin Fig. 10.8 hasdimensionsb = 4cmand d = 8 mm, while
the medium between platesis characterized by ug = 1, eg = 20, and o = 0. Neglect fields outside
the dielectric. Giventhefield H = 5cos(10°% — Bz)a, Alm, use Maxwell’s equations to help find:

a B,if B > 0: Take

oH . oE
VxH=——2a, =-58sin(10% — Bz)a, = 20ep—
0z ot
So 55 p
E=[| —2s&n10% — Bz)a, dt = ——— cos(10% — Bz)a
/2060 ( po)a (4 x 10%¢0 a po)as
Then 5
JE, B . aH
VxE= a, = sin(10%¢ — a, = —og—
. 02 &= Gx 109 o p2)ay = —mo7;
So that
—p? p?

sin(10% — Bz)a, dt = cos(10% — Bz)

~ ] @x10%u0c0 (4 x 1018) ugeq
= 500s(10% — Bz)a,
where the last equality is required to maintain consistency. Therefore
/32

S —=149m~1
@x 108, > 7 P=143m

b) the displacement current density at z = 0: Sinceo = 0, we have

V x H =J; = —58sin(10% — Bz) = —74.5sn(10% — 14.97)a,
= —745sn(10%)a, A/matz=0

¢) thetota displacement current crossing the surfacex = 0.54,0 < y < b,and0 < z < 0.1 min
the a, direction. We evaluate the flux integral of J; over the given cross section:

0.1
I = —745b / Sin(10% — 14.97) a, - &, dz = 0.20 [Cos(lOgt _1.49) — cos(109t)] A
0
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10.19. Inthefirst section of this chapter, Faraday’s law was used to show that the field E = —%kBopekla¢

results from the changing magnetic field B = Bgek’a, (note that the factor of p appearing in E was
omitted from the original problem statement).

a) Show that thesefieldsdo not satisfy Maxwell’sother curl equation: Notethat B asstated isconstant
with position, and so will have zero curl. The electric field, however, varies with time, and so
VxH= % would have a zero left-hand side and a non-zero right-hand side. The equation is
thus not valid with these fields.

b) If welet Bg = 1T and k = 10° s—1, we are establishing a fairly large magnetic flux density in 1
us. Usethe V x H equation to show that the rate at which B, should (but does not) change with
p isonly about 5 x 10~® T/min free space at r = 0: Assuming that B varies with p, we write

oH 1dB oE 1
VxH=-— Za(p = ———Oekt —€E— = __GOkZBOpekt
ap no dop ot 2
Thus 12
dByp 1 2 10~ (D)p _6
gy — Mook PBo= 5 e X P

which is near the stated value if p is on the order of 1m.

10.20. Point C(—0.1, —0.2, 0.3) lies on the surface of a perfect conductor. The electric field intensity at C is
(500a, — 300a, + 600a,) cos 107r V/m, and the medium surrounding the conductor is characterized
by ugp =5,eg = 10,and o = 0.
a) Find a unit vector normal to the conductor surface at C, if the origin lies within the conductor:
At ¢t = 0, the field must be directed out of the surface, and will be normal to it, since we have a
perfect conductor. Therefore

N +E( =0) 5a —3a, + 63
T E¢=0)] /25+9+36

= 0.60a, — 0.36a, + 0.72a,

b) Find the surface charge density at C: Use

ps = D Nlgurface = 10eo [500a, — 300a, + 600a, | cos(1077) - [.60a, — .36a, + .72a.]
= 10e( [300 + 108 + 432] cos(107r) = 7.4 x 10~ cos(10’t) C/m? = 74co0s(10”t) nC/m?

10.21. The surfaces p = 3 and 10 mm, and z = 0 and 25 cm are perfect conductors. The region en-
closed by these surfaces has © = 25 x 108 H/m, e = 4 x 101 F/m,ando = 0. LetH =
(2/p) cos(107 z) cos(wt ) ay A/m. Make use of Maxwell’s equationsto find
a) w: We start with

0Hy 20 oE
VxH= _a_z a, = Tsm(lOyrz) cos(wt)a, = 65

We then find

20 20
E= / i sin(10rz) cos(wt) dt a, = i sin(10mz) sin(wt) a,
PE wpE
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10.21a. (continued) At this point, a flaw in the problem statement becomes apparent, since this field should
vanish on the surface of the perfect conductor located at z = 0.25m. This does not happen with the
sin(10rr z) function. Nevertheless, we press on:

0E (207)(10m) . oH
VxE="gy=——"—/""/ 1 -
X % ag ope cos(10rr z) sin(wt) ay m o

—20072 _ 20072
H :/ d cos(107r z) sin(wt) 8y dt = id cos(107 z) cos(wt) ay

wp i€ w?pep

This result must equal the given H field, so we require that

20072 2 107 107 9 . 1
> =2 =5 o= = = x 107 sec
wluep P VHE /(25 x1076)(4 x 10-11) T

b) E: We use the result of part a:

20 500
E= i sin(10rz) sin(wt) a, = — sin(10xrz) sin(wt) a, V/m
Jo

wpe

10.22. Infree space, wheree = ¢g, u = o, 0 = 0,J = 0, and p, = 0, assume a cartesian coordinate system
inwhich E and H are both functions only of z and z.
a) If E = E,a, and H = H,a,, begin with Maxwell’s equations and determine the second order
partial differential equation that £, must satisfy: The procedure hereissimilar to the development
that leadsto Eq. 53. Begin by taking the curl of both sides of the Faraday |aw equation:

VxVXE=V oH 9 ¥ x H)
X X = X — _— = — J— h%
Moat Moat

where V x H = ¢gdE/dr. Therefore

92E

V><V><E:V(V-E)—szz—MoeoW

where the first equality isfound from Eq. 52. Noting that infreespace, V-D = ¢V - E = 0, we
obtain, X ) X
9°E 0°E 0°E
V2E = poco—s = ¥ — )
Ho€0 912 = 922 HO€0 972

since E variesonly with z and ¢, and is y-directed.

b) Show that £, = 5(300¢ + bz)? isasolution of that equation for a particular value of b, and find
that value: Substituting, we find

3%E,

oE
322 = 10p% = ,u,oEo?Zy =9 x 105/L0€o

Therefore
10h? = 9 x 10%°ugeg — b=10x10"m?
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10.23. Inregion1,z < 0,e1 = 2 x 1001 F/m, u1 = 2 x 107® H/m, and o1 = 4 x 10~3 S/m; in region 2,
7> 0, €2 = €1/2, u2 = 2u1, and o2 = 01/4. Itisknown that E; = (30a, + 20a, + 10a,) cos(10°%)
V/mat P1(0,0,07).

a) Find En1, E;1, Dy1, and D,1: These will be

En1 = 10c0s(10°)a, V/m E,; = (30a, + 20a,) cos(10%) V/m

Dy1 = e1En1 = (2 x 10711 (10) cos(10%)a, C/m? = 200 cos(10°%1)a, pC/m?

D;1 = e1E,1 = (2 x 10711)(30a, + 20a,) cos(10%) = (600a, -+ 400a,) cos(10°%) pC/m?

b) FindJy1 and J;1 at P1:

Jv1 = 01En1 = (4 x 1073)(10cos(10%))a, = 40cos(10%)a, mA /m?

Ji = 01E = (4 x 1073)(30a, + 20a,) cos(10%) = (120a, + 80a,) cos(10°7) mA /m?

¢) Find E;», D;», and J;» a P1: By continuity of tangentia E,

E;2 = E;1 = (30a, + 20a,) cos(10%) V/m

Then

D2 = e2E;2 = (10711)(30a, + 20a,) cos(10%) = (300a, + 200a,) cos(10%) pC/m?

Ji2 = 02E12 = (1073)(30a, + 20a,) cos(10%) = (30a, + 20a,) cos(10%) mA /m?

d) (Harder) Use the continuity equation to help show that Jy1 — Jy2 = 9Dy2/3t — 0Dy1/0t (note
misprint in problem statement) and then determine E 2, Dy2, and Jy2: We assume the existence of a
surface charge layer at the boundary having density p;, C/m2. If we draw acylindrical “pillbox” whose
top and bottom surfaces (each of area Aa) are on either side of theinterface, we may use the continuity
condition to write

aps
(Jv2 — INDAa = —EAG

where o, = Dy2 — Dy1. Therefore,

0
Jn1— In2 = E(DNZ — Dn1)

In terms of the normal electric field components, this becomes
d
01EN1 — 02EN2 = —(€2EN2 — €1EN1)

ot

Now let Ey2 = A cos(10%) + B sin(10%), while from before, Ex1 = 10 cos(10%).
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10.23.

10.24.

(continued)

These, along with the permittivities and conductivities, are substituted to obtain

(4 x 107%)(10) cos(10°%7) — 10~3[ A cos(10%) + B sin(10%1)]
2
T ot
= —(1072A sin(10%) + 1072B cos(10%) + (2 x 10~ 1) sin(10%)

| 107[4 cos(10%) + B sin(10°)] - (2 x 107)(10) cos(10°) |

We now equate coefficients of the sin and cos terms to obtain two equations:
4x 1072 -1073A = 1072B

—103B =-10"2A+2x 107}
These are solved together to find A = 20.2 and B = 2.0. Thus

Enz = [20.2 00s(10°%) + 2.Osin(109t)] a. = 20.3cos(10% + 5.6%)a. V/m

Then
Dw2 = e2Ey2 = 203¢0s(10°% + 5.6°)a, pC/m?

and
Jn2 = 02En2 = 20.3c0s(10% + 5.6%)a, mA /m?

Given the fields V = 80z cosx cos3 x 10%. kV and A = 26.7zsinx sin3 x 108 a, mWb/min free
space, find E and H: First, find E through

oA
E=-VV - —
ot
where
—VV = 80cos(3 x 10%)[z sinxa, — cosxa.] kV/m
and
—3A/dt = —(3 x 10%)(26.7)z sinx cos(3 x 10%7)a, mV/m
Finally,
E—— [7.9 x 108z sinx a, + 8.0 x 10% cosx az] cos(3 x 10%) V/m
Now
dA, o N 5
B=VxA= e 26.7sinx sin(3 x 10°t)a, mWb/m
Z
Then

B
H=— =212 x 10*sinxsin(3 x 10%)a, A/m
Ko
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10.25. Inaregionwhere ugp = eg = 1 and o = 0, theretarded potentialsare givenby V = x(z — ¢r) V and
A = x[(z/c) — t]a;, Wb/m, where ¢ = 1/, /io€o.

a) Showthat V-A = —ue(dV/at):

First,
0A; x
92 . X4/ L0€0
Second,
oV x
—_— = X = —
ot /1L0€0

soweobservethat V- A = —upep(dV/0t) in free space, implying that the given statement would
hold true in general media.

b) FindB, H, E, and D:

Use 94
B=VxA=-— xay=<t—£>ayT
ox c
Then
B 1 Z
H:—:—(t——)ayA/m
Ho Mo c
Now,
d0A
E= _VV_E = —(z —ct)a, —xa; + xa; = (ct —z2)a, V/m
Then

D = ¢E = eg(ct — z)a, C/m?

¢) Show that these results satisfy Maxwell’s equations if J and p,, are zero:
i. V.-D=V.¢(ct —2)a, =0

i. V.B=V.(t—-z/c)a, =0

oH 1
VxH=-"2a =——a=[ZLa
0z noc Ko
which we require to equal 0D/0t:
oD €0
— = €0C3y = | —3y
ot 0
iv. SE
VXxE= Bzx , = —a,
which we require to equal —0B/dz:
B a
a7

So all four Maxwell equations are satisfied.
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10.26. Let the current I = 80r A be present in the a, direction on the z axisin free space within the interval
—01<z<01lm.
a) Find A, a P(0, 2, 0): Theintegral for the retarded vector potential will in this case assume the form

1
no80(r — R/c)
A= ———"a,d
/_,1 47 R & az

where R = /72 + 4 and ¢ = 3 x 10® m/s. We obtain

80w [ 1 ¢t 11 s 1  8x10°% |1
A, = dz— | Zdz|=8x10"%In@z + 22 4‘ _exV
T 4n [f_.1¢z2+4 ¢ /_,1c . % @V~ 3108 Y

—8x10"%In 1+— V4.0l
-1+ 4/4.01

) —053x 10 =80x10""+—053x 101

Sofinally, A = [8.0 x 10~/¢ — 5.3 x 10~**] a, Wh/m.

b) Sketch A, versus: over thetimeinterval —0.1 < ¢ < 0.1 us: The sketch islinearly increasing with
time, beginning with A, = —8.53 x 10~ Wb/m at r = —0.1 us, crossing the time axis and going
positive at r = 6.6 ns, and reaching a maximum value of 7.46 x 10~ Wb/mat r = 0.1 us.
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